The dispersion coefficient (D) and retardation factor (R) are key parameters in convection-dispersion equation (CDE). The boundary-layer theory provides a simple and convenient method to solve the CDE for a third-type boundary condition under steady water flow. However, the present boundary-layer solutions cannot accurately describe the solute concentration at higher average pore-water velocities for a long-period solute transport process. In this study, an improved exponential solution to the CDE was developed using boundary-layer theory with the assumption that the resident solute concentration in soil was an exponential function related to the position under steady water flow. The accuracies of three boundary-layer solutions (parabolic polynomial, cubic polynomial, and exponential) were evaluated by comparing with the exact solution in concentration predictions for a third-type boundary condition under steady water flow. The solute concentration distributions calculated from the three boundary-layer solutions were close to those from the exact solution. At higher average pore-water velocities, the exponential solution was better than the polynomial solutions in D and R estimations. Moreover, the feasibility of the three boundary-layer solutions was verified using a column experiment. This study provides an effective way for estimating D and R in laboratory or field studies.
Introduction
Knowledge of the transport processes of chemicals (e.g., pesticides and fertilizers) in agricultural soils and groundwater is necessary for controlling or managing soil and groundwater pollution (Abbasi et al. 2003) . Numerous theoretical models (Coats and Smith 1964; Skopp and Warrick 1974; van Genuchten and Wierenga 1976; Rao et al. 1982; van Genuchten 1985; Jury et al. 1986) , either stochastic or deterministic, have been developed to describe the behavior of solute transport in soils . In these models, the convection-dispersion equation (CDE) has been widely used to describe solute transport through soil. The dispersion coefficient (D) and retardation factor (R) are two important parameters in the CDE. However, quantifying these transport parameters in the CDE is a challenging.
A variety of statistical methods have been used to estimate the parameters in the CDE. The least-squares procedure is a conventional method that has been utilized to fit measured breakthrough-curve data, and optimum parameters are obtained when the model predictions best fit the observed solute concentrations from field or columns studies (Passioura 1971; Elprince and Day 1977; van Genuchten 1980) . The maximum likelihood is also a valid way to determine the parameters. Bresler and Naor (1987) adopted maximum-likelihood theory to estimate D and the exclusion volume per unit volume of soil, and this method could be easily expanded to implement other solute transport process. These two methods, however, could not solve the uncertainties and uniqueness problems well in the CDE parameters estimation (Bresler and Naor 1987; Shao et al. 1998; Lal and Shukla 2004) , and it takes a long time to get breakthrough data. Trial and error, the slope of the effluent curve, and log normal plots have also been useful for D and R estimations. These methods are also applicable if breakthrough-curve data are available. Deterministic methods have clear concepts and uniqueness of parameter estimation, but some factors also restrict their application in practice, such as time consuming and simple initial and boundary conditions (such as first-type condition), especially for field experiments in which it is difficult and expensive to control the boundary conditions accurately at a large scale. In recent years, numerical simulations (Phogat et al. 2010; Shi et al. 2011) , which require complex program, have been developing quickly.
A third-type boundary condition is widely adopted to describe the process of solute transport for most solute displacement researches. Lindstrom et al. (1967) proposed an exact solution to the CDE for a third-type boundary condition, and the solution has been applicable in solute transport parameters determination. The exact solution, however, has a sophisticated expression and an inflexible manipulation in D and R estimations. Shao et al. (1998) proposed a boundary-layer solution to estimate D and R simultaneously for a third-type boundary condition under steady water flow. The distribution of solute concentrations could be assumed by a parabolic or cubic polynomial related to position in homogeneous soil profiles. Approximate solutions to the CDE were then obtained based on boundary-layer theory. The boundary-layer solutions could be convenient, time saving, and cost effective in solute transport parameters estimation and solute concentration prediction under steady water flow. Due to the simplicity and flexibility of boundary-layer solution, different boundary-layer solutions were developed with the assumption that concentration profiles are described by a simple function related to position based on the boundary-layer theory (Wang and Horton 2007; Wei and Wang 2012; Wei et al. 2013 ). Wang and Horton (2007) introduced quartic and quintic polynomials to express the solute concentration in homogeneous soil profiles and developed the quartic and quintic polynomial solutions to the CDE. Wei and Wang (2012) and Wei et al. (2013) also proposed alternative CDE solutions with the assumption of Shao et al. (1998) . These solutions are restricted because a finite series is used to describe the resident solute concentration in soil profile. Moreover, the conditions of these boundary-layer solutions require the second-order or higher order derivative of solute concentration versus distance in boundary layer to equal zero. Thus, there may be a problem of solute concentration continuity in the boundary layer (Liu et al. 2004 ) that makes it difficult to have an appropriate boundary-layer depth. Liu and Shao (2001) and Liu et al. (2004) defined a small flux as a representative value of boundary layer and adopted the Laplace transformation to solve the solute concentration of a boundary-layer problem. They demonstrated that the solution of boundary-layer concentration was close to the exact solution. In addition, some of these boundary-layer solutions were used in soil column experiments, especially the parabolic and cubic polynomial solutions (Zheng and Shao 2002; Yang et al. 2007; Zheng et al. 2007 ). However, these boundary-layer solutions for estimating D and R have been shown to be effective in studying short-period solute transport process under steady water flow (Liu and Shao 2001; Zheng and Shao 2002; Liu et al. 2004; Yang et al. 2007; Zheng et al. 2007 ).
Exponential functions with infinite series may describe the resident solute concentration in soil profile accurately during steady water flow (Leij et al. 1993; Leij and Toride 1998; Wei and Wang 2012) . Owing to the simplicity of exponential functions, simple solution conditions may be also achieved, and the problem of concentration community in boundary layer may be simplified. Wei et al. (2012) introduced an exponential function to describe the solute concentration in the boundary layer, but it had a relatively complex expression and the solution was suitable only for lower average pore-water velocities. The purpose of this study was to find an improved exponential solution to the CDE and to establish an alternative method for estimating D and R based on boundary-layer theory. We also compared the accuracies of three boundary-layer solutions (parabolic polynomial, cubic polynomial, and exponential) with the exact solution, examined the sensitivity of boundary-layer depth for the exponential solution, estimated D and R using these three boundary-layer solutions, and verified the feasibility of the boundary-layer solution using a soil column experiment.
Theory
The initial and boundary conditions for the CDE The 1D transient transport through a homogeneous medium during steady water flow is traditionally described with the CDE Yamaguchi et al. 1989) :
where C r is the resident solute concentration (g cm −3 ), D is the dispersion coefficient (cm 2 min −1 ), v is the average pore-water velocity (cm min −1 ), R is the retardation factor (−), x is the space coordinate (cm), and t is the time (min).
The initial condition for a semifinite system without any solutes is
Equation 2 can be easily extended to a soil column with uniform initial concentration (C i ), i.e., C r ðx,0Þ = C i . The boundary conditions for solute displacement experiments are
where C 0 is the displacement-solute concentration (g cm −3 ). Equation 3 specifies a third-type (flux-type) boundary condition .
Exponential boundary-layer solution to the CDE
The depth of the solute front d(t) is denoted as a function of time (Shao et al. 1998) , and the solute concentration in the boundary layer meets the following condition:
C r ðdðtÞ,tÞ = ∂C r ðdðtÞ,tÞ
The cumulative solute entering the soil column across the inlet boundary is denoted as I s (t) and is obtained by using the following equation:
Integrating eq. 1 from 0 to d(t) and using boundarylayer conditions (eq. 5) give
When spatial coordinates approach infinity, the resident solute concentration or the gradient of solute concentration is close to zero (eq. 4). An exponential function that includes infinite series may better express the change of resident solute concentration with position in soil profile. Moreover, using an exponential function could simplify the boundary-layer condition. Thus, we assume that the resident solute concentration in soil profile is described with the following exponential function:
where a 0 ðtÞ, a 1 ðtÞ, and a 2 ðtÞ are coefficients for the solute concentration in soil profile of the exponential function.
The three coefficients in eq. 8 need to be determined for obtaining the solute concentrations in soil profile. According to eq. 5, the three coefficients in eq. 8 are reduced to a single coefficient, and the solute concentration profile can be expressed as follows: 
Substituting eq. 9 into eq. 3, we obtain a 0 ðtÞ
Thus, the solution concentration profile is
Substituting of eq. 11 into eq. 6, we get
Combining eq. 12 with eq. 7, d(t) can then be described with eq. 13:
Equations 11 and 13 are valid for 0 < x < d(t). When x > d(t), C r (x, t) = 0. Equation 13 is rewritten as follows:
Equation 14 shows that when the change of solute front depth (d(t)) over time is observed, D and R can be easily estimated.
Parabolic and cubic boundary-layer solutions to the CDE Shao et al. (1998) assumed that the resident solute concentrations in soil profile were expressed by parabolic or cubic polynomial distribution:
C r ðx,tÞ = a 0 ðtÞ þ a 1 ðtÞx þ a 2 ðtÞx 2 for parabolic distribution (15)
where a 0 ðtÞ, a 1 ðtÞ, a 2 ðtÞ, and a 3 ðtÞ are coefficients for a parabolic or cubic polynomial distribution. The concentrations for the parabolic and cubic polynomial distributions in the boundary layer satisfy the following conditions:
C r ðdðtÞ,tÞ = ∂C r ðdðtÞ,tÞ ∂x = ∂ 2 C r ðdðtÞ,tÞ ∂x
Combining eqs. 3, 7, 15, 16, and 17 yields the expressions of C r and d(t).
For the parabolic polynomial concentration distribution,
For the cubic polynomial concentration distribution,
When x > d(t), C r (x,t) = 0. Equations 19 and 21 are reduced to
The exact solution to the CDE Lindstrom et al. (1967) considered the case of a semiinfinite medium with a third-type boundary at soil surface and proposed the exact solution to the CDE:
Materials and Methods

Scenarios of solute transport
Several scenarios of solute transport were set to compare the resident solute concentration profiles calculated using three boundary-layer solutions (parabolic polynomial, cubic polynomial, and exponential) versus those from the exact solution (eqs. 11, 18, 20, and 24) at different dispersivities (λ), average pore-water velocities (v), and retardation factors (R).
First, the comparisons of the three boundary-layer solutions with the exact solution at different λ values (the ratio of D to v) were conducted in the processes of nonreactive solute transport (R = 1). Typical λ values vary in the range of 0.5-2 cm (Jury et al. 1991) : from 0.11 to 0.37 cm for loam soils and from 0.14 to 0.22 cm for sandy loam soils in laboratory soil columns (Shukla et al. 2003) .
The λ values range from 5 to 20 cm in field and are even larger for groundwater transport (Jury et al. 1991) . As a result, the λ value range was set from 0.1 to 30 cm for evaluating the differences among the solutions under laboratory and field-scale conditions. Three instances were displayed for coarse texture (i.e., v = 0.03 cm min −1 ). The displacement-solute concentration C 0 value was assumed to be 1 g cm −3 for easy understanding of the changes of solute concentration in soil profile. We then compared the three boundary-layer solutions and the exact solution at different v values (ranged from 0.001 to 0.01 cm min −1 ), covering most average porewater velocities under both laboratory column and field studies. Similarly, C 0 and R values were assumed to be 1 g cm −3 and 1, respectively.
Moreover, we also compared the three boundary-layer solutions and the exact solution at different R values. The R values ranged from 0.8 to 1.2, which represented different adsorption conditions. C 0 and R values were also set to 1 g cm −3 and 1, respectively.
Sensitivity analysis
The sensitivities of d(t) to D, v, and R were analyzed to evaluate the effects of D, v, and R on the depth of solute front d(t) calculated with the exponential solution (eq. 13). 
Solute parameter estimation
We applied two methods to estimate D and R based on the three boundary-layer solutions. One method, hereafter the concentration distribution method, is to use eqs. 11, 18, and 20, i.e., if the distribution of the solution concentrations is known at one point at any time, D and R can be estimated using the least-squares regression. Another method, hereafter the d(t) method, is to apply eqs. 14, 22, and 23, i.e., D and R can be estimated if the changes of the boundary-layer depth over time are measured. The solute concentration distributions calculated with the exact solution were used as input data under given v, D, and R. Then solute transport parameters D and R were estimated using the two methods. Finally, we compared the given parameters and estimated parameters.
Statistical analysis
The mean absolute error (MAE) and coefficient of determination (r 2 ) were used to evaluate accuracies of the solute concentration distributions calculated using the three boundary-layer solutions:
where b i is the solute concentration calculated using the boundary-layer solution, e i is the solute concentration calculated using the exact solution, and b i is the average solute concentration calculated using the exact solution. The relative error (RE) was adopted to examine the accuracy of solute transport parameter estimation from the boundary-layer solutions:
where g i is the given solute transport parameter, and h i is the parameter estimated using the boundary-layer solution.
Results and Discussion
Comparison of the three boundary-layer solutions with the exact solution
The boundary-layer solutions (eqs. 11, 18, and 20) are approximate methods, but their forms are much simpler than the exact solution (eq. 24). Shao et al. (1998) concluded that both the parabolic and cubic polynomial solutions could describe soil solute concentration profile under steady water flow accurately. Later Wang and Horton (2007) assessed four boundary-layer solutions (parabolic, cubic, quartic, and quintic polynomial) and reported that the parabolic and cubic polynomial solutions could be applied in more cases. Some researches (Zheng and Shao 2002; Yang et al. 2007) reported that the cubic polynomial solution provided reliable estimations. Thus, we will compare the differences among the three boundary-layer solutions (parabolic polynomial, cubic polynomial, and exponential) versus the exact solution for simplicity.
Sensitivities of the three boundary-layer solutions to dispersivity Figure 1 shows the effects of λ on the shapes of solute concentration distributions calculated using the exact solution and the three boundary-layer solutions with nonreactive solute transport (R = 1). When λ value was increased, more dispersive process took place in soil and the change of solute concentration with depth became slower, which resulted in a much lower concentration near the inlet and smaller slope of the solute concentration curve. Under these conditions, the results of three boundary-layer solutions had a similarity with that of the exact solution. The MAE of solute concentrations in soil profile varied from 0.006 to 0.095 g cm −3 for the parabolic polynomial solution, from 0.002 to 0.108 g cm −3 for the cubic polynomial solution, and from 0.009 to 0.089 g cm −3 for the exponential solution (Table 1) . Although there were some differences between the resident solute concentrations in soil profile from the three boundary-layer solutions and those from the exact solution at t = 100 min, the MAE values were small (0.006-0.05 g cm −3 ). The mass balance relative error (MBRE) ranged from 2.65% to 6.91% for the parabolic polynomial solution, from 2.52% to 6.78% for the cubic polynomial solution, and from 2.84% to 7.14% for the exponential solution, indicating that the three boundary-layer solutions provided reasonable results in mass conservation. Moreover, the r 2 and MAE data demonstrated that the exponential solution described the solute concentration profiles better than the other two boundary-layer solutions for the given solute transport parameters. Additionally, the accuracies of the three boundary-layer solutions increased with increasing λ mainly due to the lower concentrations in soil profile which was caused by small λ values.
Sensitivity of the three boundary-layer solutions to average pore-water velocity Figure 2 illustrates the effects of average porewater velocity (v) on the solute concentration distributions calculated using the three boundary-layer solutions in a nonreactive solute transport. When parameter λ was fixed at 10 cm, the average pore-water velocity was increased by one magnitude (from 0.001 to 0.01 cm min −1 ) (Figs. 1b, 1e , and 2). The results indicated that there was a lower solute concentration near the inlet and less convection occurred in soil profile when v value was smaller. The solute concentration distributions calculated using the three boundary-layer solutions approached those calculated using the exact solution.
The MAE values ranged from 0.004 to 0.015 g cm (Tables 1 and 2 ). The values of MBRE varied from 2.83% Fig. 1 . Comparisons of solute concentration profiles calculated using the exact solution with those calculated using the three boundary-layer solutions at different dispersivities (λ): (a) λ = 1 cm, t = 100 min, (b) λ = 10 cm, t = 100 min, (c) λ = 30 cm, t = 100 min, (d) λ = 1 cm, t = 500 min, (e) λ = 10 cm, t = 500 min, and (f) λ = 30 cm, t = 500 min (v = 0.03 cm min −1 and R = 1). (a) λ = 1 cm, t = 100 min (b) λ = 10 cm, t = 100 min (c) λ = 30 cm, t = 100 min (d) λ = 1 cm, t = 500 min (e) λ = 10 cm, t = 500 min (f) λ = 30 cm, t = 500 min a MBRE is the relative error of solute mass balance between concentration profile from boundary-layer solution and that from the exact solution.
to 11.23% for the parabolic polynomial solution, from 3.34% to 10.60% for the cubic polynomial solution, and from 3.02% to 11.74% for the exponential solution. The r 2 values for all boundary-layer solution were above 0.96. These results demonstrated that the three boundary-layer solutions could describe the solute transport in soil profile under steady water flow. In addition, the cubic polynomial solution was better than the other two boundary-layer solutions in solute concentration prediction at lower average pore-water velocities, and the exponential solution provided a better description of solute concentrations at a higher average pore-water velocity (v = 0.01 cm min −1 ), especially in the relatively long-period solute transport process (t = 500 min). At zero depth, the solute concentrations calculated using the parabolic polynomial (C r (0, t) p ), cubic polynomial (C r (0, t) c ), and exponential (C r (0, t) e ) solutions were vdðtÞ p C 0 =ðvdðtÞ p þ 2DÞ, vdðtÞ c C 0 =ðvdðtÞ c þ 3DÞ, and vdðtÞ e C 0 =ðvdðtÞ e þ ðe − 1ÞDÞ, respectively, where d(t) p , d(t) c , and d(t) e are the depths of the parabolic, cubic, and exponential boundary layers, respectively. Equations 13, 19, and 21 show that d(t) differs for the three boundary-layer solutions, in an increasing order of d(t) e < d(t) p < d(t) c . Based on eqs. 11, 18, and 20, the increasing order of C r (0, t) can be easily obtained using ratio method: C r (0, t) c < C r (0, t) p < C r (0, t) e . Consequently, the slope of the solute concentration profile calculated with the exponential solution is steeper than that calculated with the other two boundary-layer solutions. C r (0, t) was larger and the slope of the soil solute concentration profile was steeper at shallow depths for the solute concentration profile calculated with the exact solution when v value was large, and the slope became smaller with increasing depth. A small v value thus produced a gentle slope of the solute concentration curve. The cubic polynomial solution expressed the soil solute concentration distribution better at smaller v values because of the smaller C r (0, t) and the larger d(t). On the contrary, the exponential solution gave similar results to that of the exact solution at larger v values.
Sensitivity of the three boundary-layer solutions to retardation factor
The results of different retardation factors were analyzed for adsorptive solute transport (Figs. 1b, 1e, and 3) . The values of v and λ were fixed at 0.03 cm min −1 and 10 cm, respectively, and R ranged from 0.8 to 1.2. The solute concentration distributions calculated with the three a MBRE is the relative error of solute mass balance between concentration profile from boundary-layer solution and that from the exact solution. Fig. 3 . Comparisons of solute concentration profiles calculated using the exact solution with those calculated using the three boundary-layer solutions at different retardation factors (R): (a) R = 0.8, t = 100 min (b) R = 1.2, t = 100 min, (c) R = 0.8, t = 500 min, and (d) R = 1.2, t = 500 min (v = 0.03 cm min −1 and λ = 10 cm). (Tables 1 and 3) . Finally, the accuracies of the three boundary-layer solutions were increased with increasing R.
Effect of dispersion coefficient, average pore-water velocity, and retardation factor on the advance of the solute front d(t) from the exponential solution
The depth of the boundary layer for solute transport d(t) is determined jointly by dispersion (related to D), convection (related to v), and adsorption (related to R) from eq. 13. Thus, the shape of d(t) is affected inevitably by these solute parameters. Hence, the effects of these solute transport parameters (D, v, and R) and their sensitivities on d(t) from the exponential solution are evaluated in the following section. Figure 4 shows the effects of D on d(t) curves at v = 0.003 cm min −1 and R = 1. When D = 0, no diffusion is present and the solute transport is mainly by convection, resulting in a linear relationship between d(t) and t, and the slope of the d(t) curve is 2vt=ðe − 2ÞR. As D increase, the role of diffusive solute transport increases gradually, leading to larger values of d(t). With further increase of D (i.e., solute transport mainly through dispersion), the slope becomes steeper, and d(t) and t approaches a parabolic relationship.
Effect of the dispersion coefficient on d(t)
Effect of the average pore-water velocity on d(t) Figure 5 shows the effect of v on d(t) curves at D = 0.06 cm 2 min −1 and R = 1. Parameter v primarily represents the magnitude of convective solute transport in soil. Generally, d(t) increases monotonically with increasing v (eq. 13). When v = 0, no convective transport takes place in soil, producing a parabolic relationship between d(t) and t, i.e., dðtÞ = ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 2ðe − 1ÞDt=½ðe − 2ÞR p . As v increases, solute transport in soil is primarily through convection, resulting in a larger d(t) and a more remarkable v effect on d(t). Finally, the slope of the d(t) curve approaches a constant 2vt=½ðe − 2ÞR. A comparison of Figs. 5 and 6 indicates that convection affects solute transport more than that of dispersion.
Effect of the retardation factor on d(t)
The effect of R on the d(t) curves at v = 0.003 cm min −1 and D = 0.06 cm 2 min −1 is shown in Fig. 6 . It is apparent that the influence of R on the shape of the d(t) curve is less notable than that of D and v. The R < 1 curves represent the cases that only a fraction of the liquid a MBRE is the relative error of solute mass balance between concentration profile from boundary-layer solution and that from the exact solution. , R= 1 phase participates in solute transport process when the chemical is subject to anion exclusion (van Genuchten et al. 1986 ). The smaller the retardation (R < 1) is, the more the anion exclusion occurs, which generates a significant rise in d(t) and a steeper slope of the curve. The R > 1 curves represent adsorptive interactions between solution and soil. The larger the retardation (R > 1) is, the more the soil adsorption takes place, giving a reduction of d(t) and a smaller slope of the curve.
Estimation of transport parameters
Two methods were used to estimate the transport parameters D and R. The concentration distribution method is suitable for low average pore-water velocities in laboratory or field tests where the solute front is difficult to monitor under steady water flow. The solute concentration distribution can be measured with sensors or by excavating soil samples. The other method, d(t) method, is simple and time saving. The change of solute front over time [i.e., d(t) curve] can be determined easily using a dye tracer (Kung 1990; Persson et al. 2005; Selim et al. 2013) . Brilliant blue has been used in related studies (Flury and Flühler 1994; Vogel et al. 2006) . A sensor [e.g., time-domain reflectometry (TDR) probes] can also be applied to soil solute concentration measurement in both laboratory and field studies (Elrick et al. 1992; Vanclooster et al. 1993; Morris and Mooney 2004) .
Estimation of D and R using the concentration distribution method
The solute concentration distributions from the exact solution under the given parameters were used as input data to estimate D and R in the three boundary-layer solutions using the concentration distribution method (Table 4 ). In the process of nonreactive solute transport, the retardation factor is typically known. Thus, for nonreactive solute transport, the R value is set to one. The RE values between the given transport parameters and the parameters estimated using the three boundarylayer solutions were mostly within 50%. For dispersion coefficient, the values of RE D varied from 1.33% to 39.67% for the parabolic polynomial solution, from 3.33% to 55.67% for the cubic polynomial solution, and from 3.89% to 33.33% for the exponential solution. For retardation factor, the values of RE R were less than 2% for the three boundary-layer solutions. When v value was large (e.g., v = 0.03 cm min −1 ), the exponential solution was better than the other two boundary-layer solutions in transport parameter prediction, with all RE values of D and R less than 15%. As v value increased, the estimated R approached the given value. When v value was small (e.g., at v = 0.003 cm min −1 ), the cubic polynomial solution could provide reliable predicted transport parameters.
Estimation of D and R using the d(t) method
The change of a solute front over time can generally be monitored using sensors (e.g., TDR). Under conditions of steady water flow in solute displacement experiments, a particular depth lower than the initial solute concentration could be considered as the boundary-layer depth at a certain time. The data from instruments with different resolutions, however, will identify variable boundary-layer depths and affect the estimations of the solute parameters. Wang and Horton (2007) introduced sensitivity of the instrument for monitoring solute concentration to analyze the effect of instrument resolution on the D and R estimated using the three boundary-layer solutions. The sensitivity represents the resolution of an instrument (i.e., the ability of the instrument to measure change of solute concentration). Figures 7a and 7b show the changes of boundary-layer depth over time under various sensitivities, where C 0 is set to 1 and the boundary-layer depth is obtained using the exact solution. The results indicated that the measured boundary-layer depth was increased with increasing sensitivity.
The data in Fig. 7 were used to estimate D and R with the d(t) method. In most cases, the retardation factor was assumed to be one in the process of nonreactive solute transport (R = 1). Thus, parameter D was only estimated using the d(t) method, and the value of R was set to one. When the sensitivity was set as 0.001, the cubic polynomial solution provided better D value, with RE D ranged from 3.83% to 9.00% (Table 5) , whereas the D values estimated using the parabolic polynomial and exponential solutions were inconsistent with the given D at a sensitivity of 0.0001. The inconsistency was caused by the steeper slope of the d(t) curves from the parabolic polynomial and exponential solutions. Larger d(t) data were observed at higher sensitivities (Fig. 7) . The d(t) curves calculated with the parabolic polynomial and exponential solutions were relatively small, so the two solutions could not provide reliable D estimations at higher sensitivities. In the sensitivity range of 0.001-0.002 with nonreactive solute transport, the RE D values ranged from 0% to 32.67% for the parabolic polynomial solution, from 42.5% to 66.67% for the cubic polynomial solution, and from 1.17% to 40.00% for the exponential solution (Table 5 ). The exponential solution provided better predictions than the other two boundary-layer solutions at the low sensitivity of 0.002, especially when v value was large (e.g., v = 0.03 cm min
−1
). When the retardation factor was unknown, all the boundary-layer solutions provided reliable R estimations in a sensitivity range of 0.0001-0.002, whereas the estimations of D were relatively poor.
The results showed that solute transport parameters estimated using the concentration distribution method provided more accurate values than those estimated using the d(t) method. The concentration distribution method, however, requires solute concentration data for soil profile and more measurement time. The d(t) method is simpler and more convenient than the concentration distribution method because the average pore-water velocity is usually easy to determine from solute displacement experiments, so only the change of solute front over time is required to estimate D and R. The changes of solute front over time can be measured easily with a dye tracer or an electrical conductivity probe.
Limitations of the three boundary-layer solutions
The accuracies of solute front and average porewater velocity data, however, may affect the accuracies of the transport parameters estimation using these boundary-layer solutions and the selection of the appropriate boundary-layer solution for estimation of transport parameters. It is necessary to understand the limitations of the various boundary-layer solutions. For the exponential solution, the steep slope of solute concentration and depth relationship makes it suitable for soil profiles in which solute concentrations change rapidly. In other words, under conditions of a steady water flow, a small retardation factor, and a high average pore-water velocity, the exponential solution gives reliable parameters estimates and accurate solute concentration distribution in soil profile. Thus, the exponential solution is suitable for coarse-textured soils. However, the cubic polynomial solution that has gentler slope of solute concentration and depth could be applied to the conditions of low average pore-water velocities and large retardation factors, such as in fine-textured soils. The parabolic polynomial solution could be applied for the conditions between those of the exponential and cubic polynomial solutions.
Application of the three boundary-layer solutions
Theoretically, the three boundary-layer solutions agree with the exact solution. However, the application of these boundary-layer solutions requires further investigation. Therefore, we applied the measured boundarylayer depth and time data from Zheng and Shao (2002) to validate the feasibility of the three boundary-layer solutions. Zheng and Shao (2002) measured the change of chloridion front over time (Fig. 8) using the TDR technique and conducted a laboratory displacement experiment to obtain the breakthrough curve (BTC) of chloridion in a sandy loam soil (v = 1.05 cm h −1 , C 0 = 0.3 N). The d(t) method was then used to determine D and R, and the estimated D and R using d(t) method were compared with those from the BTC (BTC method) ( Table 6 ). The D values from the parabolic polynomial and exponential solutions using the d(t) method were close to that using the BTC method. 
Conclusion
Boundary-layer theory was applied to develop a series of approximate solutions to the CDE, with the assumption of different solute concentration distributions. We proposed an exponential solution to the CDE, including higher order terms and simple limitations for the solute concentrations in the boundary layer. The solution was then compared with two boundary-layer solutions (parabolic and cubic polynomial) and the exact solution. The three boundary-layer solutions produced similar results to that of the exact solution. The average pore-water velocity strongly affected the results. The exponential solution described the solute concentration distribution better at higher average pore-water velocities, and the cubic polynomial solution described the solute concentration distribution better at lower average pore-water velocities. We also compared two methods in transport parameters D and R estimation under the three boundary-layer solutions. The concentration distribution method was more accurate than the d(t) method, but the d(t) method was simpler and faster. The exponential solution gave more accurate D and R estimates at higher average pore-water velocities. The resolution of the instruments for measuring soil solute concentration should be considered when determining transport parameters and selecting an appropriate boundary-layer solution. The exponential solution was suitable for the conditions of high pore-water velocities and small retardation factors. Finally, a validation study using data from a column experiment showed that the boundary-layer solutions could provide a reference for estimating transport parameters in soil columns and field studies.
